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Abstract

Two new scalar micromixing models accounting for a turbulent frequency scale distribution are investigated. These models were

derived by Sabel’nikov and Gorokhovski [Second International Symposium on Turbulence and Shear FLow Phenomena, Royal

Institute of technology (KTH), Stockholm, Sweden, June 27–29, 2001] using a multiscale extension of the classical interaction by

exchange with the mean (IEM) and Langevin models. They are, respectively, called Extended IEM (EIEM) and Extended Langevin

(ELM) models.

The EIEM and ELM models are tested against DNS results in the case of the decay of a homogeneous scalar field in homo-

geneous turbulence. This comparison leads to a reformulation of the law governing the mixing frequency distribution. Finally, the

asymptotic behaviour of the modeled PDF is discussed.

� 2004 Published by Elsevier Inc.
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1. Introduction

Over the past twenty years, the probability density

function (PDF) approach has become a common and

powerful tool for modeling turbulent reactive flows

(Pope, 1985). One of its main advantages is that no

model is required for the chemical source term appear-

ing in the reactive scalar equations. However, the pro-

cess of molecular mixing cannot be represented by the
one-point information carried by a PDF: a scalar mi-

cromixing model is thus necessary to account for this

phenomenon.

If molecular mixing takes place at the smallest diffu-

sive scales of the turbulent spectrum, its intensity

roughly depends on the local values of the scalar dissi-

pation frequency, which in turn depend on the scalar

structures created by turbulence. As a consequence,
micromixing models not only have to account for a

small scale phenomenon––molecular mixing––but also

for its interaction with a fully turbulent spectrum, from
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large convective scales down to the smallest diffusive
scales.

Modeling this interaction still remains a challenging

problem. Actually, most scalar mixing models used in

practical calculations do not account for it. For in-

stance, the interaction by exchange with the mean (IEM)

model (Villermaux and Devillon, 1972), also known as

LMSE (Dopazo and O’Brien, 1974), or the Langevin

model (Pope, 1985) are based on a single mean time
scale. Other models have been proposed (Fox, 1995,

1997) in order to correct this approximation, but at the

price of a non-negligible increase in complexity.

In this article, two new scalar mixing models

accounting for the influence of a turbulent frequency

scale repartition while keeping a simple formulation are

investigated. These models were derived by Sabel’nikov

and Gorokhovski (2001) from the IEM and Langevin
models and are named, respectively, Extended IEM

(EIEM) and Extended Langevin Model (ELM). They

are evaluated in the case of the decay of a homogeneous

scalar in homogeneous turbulence and the results are

compared against the DNS data of Eswaran and Pope

(1988). This investigation leads to the reformulation of
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Nomenclature

c scalar concentration

c0 ¼ c� hci scalar fluctuation

xc scalar frequency

ec scalar dissipation

r scalar rms value

rM maximum value of r
r0 initial value of r
j scalar molecular diffusion coefficient
x modeled scalar frequency

v ¼ lnðx=hxiÞ logarithm of the scalar frequency

X EIEM model function

m1, m2, Cv log-normal law constants

T log-normal law time scale

a modified log-normal law constant

b modified log-normal law function

Rek Taylor scale Reynolds number

s ¼ ðc� hciÞ=r non-dimensionalized scalar

n ¼ ln jc0j logarithm of scalar fluctuations

c ¼ ðn� hniÞ=rn reduced scalar

fc PDF of c
fcv joint PDF of c and v
d0 Langevin model constant
S4 flatness factor

S6 hyperflatness factor

W ðtÞ Standard Wiener process

h�i mean value

h�j�i conditional mean value
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the law governing the frequency fluctuations. The

asymptotic behaviour of the new models is also exam-

ined.
2. Derivation of the Extended IEM and Extended

Langevin models

In this section, following Sabel’nikov and Gorok-

hovski (2001), a method for modeling the effects of a

turbulent time scale distribution on scalar mixing is

described and applied to derive two new models from

the classical IEM and Langevin models. All the sub-

sequent derivations are made for homogeneous scalars

in homogeneous turbulence.

2.1. Extended IEM model

The IEM model is most easily introduced in a

Lagrangian framework: alongside a fluid particle tra-
jectory, the scalar concentration evolves according to

the deterministic relaxation law:

dc ¼ �hxciðc� hciÞdt ð1Þ
with c the concentration of the scalar, xc ¼ ec=r2 the

scalar frequency, ec ¼ jjrcj2 the scalar dissipation and

r2 ¼ hc2i � hci2 the scalar variance. Mean quantities

are denoted by angle brackets. The scalar concentration

of the fluid particle is thus driven towards the mean

concentration at a speed proportional to the mean

scalar frequency. Beyond its simplicity and efficiency, a
striking feature of the IEM model is that it describes

mixing in terms of mean––and not local––values. As a

consequence, the IEM model can only describe mixing

in a global way, as only one type of scalar structure is

represented: those defined by the mean scalar fre-
quency. In contrast, turbulent mixing involves a whole

spectrum of structure sizes ranging from thin zones,

with high scalar dissipation and strong mixing, to lar-

ger zones with weaker mixing and scalar gradients.

These zones are distributed highly non-uniformly in

space and time. A notable consequence of this defect is

that the IEM model will not relax the shape of the PDF

for the decay of a homogeneous scalar in homogeneous
turbulence.

In order to correct this insufficiency, Sabel’nikov and

Gorokhovski (2001) proposed replacing the single fre-

quency scale hxci by a stochastic intermittent process x.
As a result, fluid particles will possess their own fre-

quency and behave as if belonging to different struc-

tures. A whole distribution of scales is thus represented.

The main difficulty now amounts to devising a model
for x. As a first approximation, a log-normal evolution

can be chosen. Such a law allows one to represent a

statistically stationary transfer between the scales of a

developed turbulent spectrum and is usually used to

model the turbulent velocity dissipation frequency (Pope

and Chen, 1990).

The EIEM model (Sabel’nikov and Gorokhovski,

2001) is then defined by the following stochastic equa-
tions:

dc ¼ �Xxðc� hcjxiÞdt
dv ¼ �ðv� m1Þdt=T þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m2=T

p
dW ðtÞ;

v ¼ lnðx=hxiÞ

8<
: ð2Þ

with W ðtÞ a standard Wiener process, m1 ¼ hvi and

m2 ¼ hðv� hviÞ2i the mean and variance of the quantity

v and T the log-normal law time scale.

The mean scalar value conditioned on the frequency

hcjxi replaces in Eq. (2) the mean scalar value hci used
in the IEM model (1). This substitution has been
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introduced in order to conserve the scalar mean during

the mixing process.

X is a function set in order to preserve a decrease of

the variance r2 coherent with the exact equation in
homogeneous turbulence:

dr2

dt
¼ �2heci ¼ �2hxcir2 ð3Þ

By multiplying the first equation of system (2) by 2c, one
obtains the evolution of the variance for the EIEM

model. Then, identification with Eq. (3) yields:

X ¼ hxcir2

hxðhc2jxi � hcjxi2Þi
ð4Þ

The log-normal law constants are chosen according

to the DNS results of Yeung and Pope (1989). This

study suggests the following Reynolds number depen-
dence for m2 in the range 386Rek 6 93:

m2 ¼ 0:29 lnRek � 0:36 ð5Þ
where Rek is the Reynolds number based on the Taylor

scale. Besides, from the relation hevi ¼ 1, the following

equality is deduced:

m1 ¼ �ð1=2Þm2 ð6Þ
As for the log-normal law time scale, it is defined by

T�1 ¼ Cvhxi where Cv ¼ 1:6 is a constant.

From system (2) and using standard techniques

(Gardiner, 1985), it is possible to deduce the equation of

the joint PDF fcv of c and v:

ofcv
ot

¼ o

oc
½Xhxievðc� hcjviÞfcv� þ

o

ov
½Cvhxiðv� m1Þfcv�

þ o2

ov2
Cvhxim2fcv
� �

ð7Þ

As a consequence of its definition, the EIEM model
incorporates the effects of a distribution of time scales in

a turbulent flow. Further history is also accounted for as

mixing will depend on the evolution of the frequency

from initial time up to the time considered.

2.2. Extended Langevin model

The IEM model is deterministic and generates a
perfect correlation alongside the trajectories in phase

space. The idea of the Langevin model is to introduce

some de-correlation by adding a random source in the

scalar equation. As defined by Sabel’nikov and Gorok-

hovski (2001), the Langevin model is given by

dc ¼ �ahxciðc� hciÞdt þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bhxcicð1� cÞ

p
dW

a ¼ 1þ d0
hcð1�cÞi

r2
M

b ¼ d0 r2

r2
M

8>>><
>>>:

ð8Þ

where the same notations as before are being used. r2
M is

the maximum value of the scalar variance: r2
M ¼
hcið1� hciÞ and d0 is a constant controlling the rate of

PDF relaxation. In particular, for d0 ¼ 0, the EIEM

model is recovered. The variance equation can be de-

duced from Eq. (8) and is shown not to depend on d0.
What is more, the identification of this equation with the

Eq. (3) yields a definition for X identical to the one

obtained from the EIEM model in Eq. (4).

The scalar concentration must be constrained to vary

between 0 and 1. Boundedness is achieved through the

limiting function cð1� cÞ as a factor of the noise term. It

has to be noted that this limiting function, while simple

to devise for a single scalar problem, can become com-
plex for a multiscalar case.

As with the IEM model, the Langevin model is based

on a single time scale. Thus, it is possible to apply a

procedure similar to the one used with the IEM model

to create the EIEM model, which leads to the following

formulation for the ELM stochastic model (Sabel’nikov

and Gorokhovski, 2001):

dc ¼ �aXxðc� hcjxiÞdt þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bXxcð1� cÞ

p
dW

a ¼ 1þ d0=r2
Mhcð1� cÞjxi

b ¼ d0=r2
Mðhc2jxi � hcjxi2Þ

8><
>: ð9Þ

The equation for the joint PDF fcv of c and v is given

in homogeneous turbulence by

ofcv
ot

¼ o

oc
½aXhxievðc� hcjviÞfcv�

þ o2

oc2
½bXhxievcð1� cÞfcv� þ

o

ov
½Cvhxiðv� m1Þfcv�

þ o2

ov2
½Cvhxim2fcv� ð10Þ

The previous remarks made about the EIEM model
also apply to the ELM model. In Section 3, as a first

guess, a value d0 ¼ 1 is chosen. In the future, a study

should be undertaken to further understand the influ-

ence of d0 on the results.
3. Scalar mixing in homogeneous turbulence

The PDF Eqs. (7) and (10) derived from the EIEM

and ELM models have been numerically solved in the

case of the decay of a homogeneous passive scalar field

in homogeneous turbulence. A second-order finite-vol-
ume method based on an essentially non-oscillatory

(ENO) interpolation was used. The initial conditions as

well as the evolution of the mean scalar dissipation were

taken from Eswaran and Pope (1988).

3.1. Comparison of the models with Eswaran and Pope

(1988) DNS data

Fig. 1 compares the PDF evolutions obtained with

the EIEM and ELM models with Eswaran and Pope’s
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Fig. 1. Comparison of modeled scalar PDFs against DNS data. The log-normal law is used. ðhxit;r=r0Þ ¼ ð0:22; 0:99Þ (a); (1.49, 0.73) (b); (2.11,
0.55) (c); (3.47, 0.27) (d).
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DNS calculations. The case considered corresponds to

the values ks=k0 ¼ 1 and Rek ¼ 50 in Eswaran and Pope

(1988). (ks is the mean wave number in the ‘‘top-hat

distribution of the initial scalar field and k0 is the lowest
non-zero wave number indicated by the geometrical
scale.)

The main result is the good agreement found between

modeled PDFs and PDFs from DNS. Both models,

starting from an initial double peak, yield transient

shapes which are qualitatively similar to those obtained

with DNS. Characteristic shapes such as a flat almost

uniform distribution, a dome-like PDF or a bell shaped

PDF are indeed successively observed in both cases.
This agreement is also observed in Fig. 2 for the flatness

factor S4 ¼ hc04i=r4 and hyperflatness factor S6 ¼
hc06i=r6.

Differences are nonetheless observed: both models

exhibit a strong super-Gaussian PDF, as the values of S4
and S6 rapidly become greater than the flatness and
hyperflatness values obtained with a Gaussian distribu-

tion: SGauss:
4 ¼ 3 and SGauss:

6 ¼ 15. This tendency is much

stronger than the one observed with DNS. More

importantly, for the EIEM model, the initial double

peak influences for a longer time the shape of the PDF,
and a very acute central peak is formed at larger times.

In order to correct this defect, a modification of the log-

normal law is proposed.

3.2. Modified log-normal law

For the EIEM model, the evolution of the PDF shape

is entirely due to the intermittent time scale spectrum;
this suggests the inadequacy of using a log-normal law

to represent the behaviour of a mean scalar frequency in

homogeneous turbulence. Indeed, as already mentioned,

the log-normal law allows the representation of the

statistically stationary transfer between the scales of a

developed turbulent spectrum. However, during the
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Fig. 2. Comparison of flatnesses and hyperflatnesses against DNS data. The log-normal law is used. Flatness (a); hyperflatness (b).
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mixing of a scalar in homogeneous turbulence, transfer

between scalar scales is strong at the beginning of the

process as large structures are broken or stirred into

smaller ones but becomes weaker at larger times, as the

mixture becomes more and more homogeneous. This

phenomenon is not accounted for by the log-normal
law. The following frequency law is thus proposed in

order to represent it

x ¼ hxib exp a
r
rM

v

� �
ð11Þ

where a ¼ 1:25 is a constant chosen to best fit the data
and b is a function introduced in order to ensure that the

mean values of the right- and left-hand sides of Eq. (11)

are equal:

b ¼ exp a
r

2rM

2m1

��
þ a

r
rM

m2

��
ð12Þ

As the mixing gets more advanced, the variance r
decreases so that the fluctuations of the frequency be-

come weaker and eventually vanish. In this limit, the

classical IEM and Langevin models are recovered.

New calculations were conducted using this modified

law, with all parameters kept constant in regards to the

previous results. Fig. 3 shows a global improvement of the

PDF evolutions, and, in particular, the absence of a strong
peak at the times considered. It is also observed (see Fig.

4) that S4 and S6 do not increase exponentially any longer

and exhibit mostly sub-Gaussian features for the interval

of time considered (S4 < SGauss:
4 and S6 < SGauss:

6 ).
3.3. Asymptotic behaviour

The issue discussed in this paragraph is the existence
of a self-similar behaviour at large times for the modeled
PDFs. In other words, the question addressed here is: is

it possible to find a rescaling of the scalar field for which

the form of the PDF remains invariant?

3.3.1. Formulation based on the log-normal law

Self-similar solutions are first sought as stationary
solutions for the PDF of the non-dimensionalized scalar

s ¼ ðc� hciÞ=r. Analysis shows that such a solution

could be reached for the ELM model, but not for the

EIEM models. Fig. 5(a) shows the asymptotic PDF

obtained with the ELM model and the non-stationary

shape of the PDF obtained with the EIEM model at

some large time hxcit ¼ 20.

Both solutions exhibit a strong central peak as well
as exponential-like tails. Such non-Gaussian PDFs have

been observed in several experimental and numerical

studies (Shraiman and Siggia, 1994; Chaves et al., 2001;

Jaberi et al., 1996). For the EIEM and ELM models,

the exponential-like tails result from the influence of

low frequencies. From a Lagrangian point of view, they

arise from fluid particles having followed a weak mix-

ing path due to the configuration of the turbulent fre-
quency field. On the other hand, the peak is due to high

frequencies and to particles having followed strong

mixing paths. For the EIEM model, the peak is over-

estimated.

For the EIEM model, a rescaling of the scalar field

yielding a self-similar PDF can be obtained from the

following line of argument: one can notice that Eq. (2) is

similar in form to the equation governing the evolution
of an infinitesimal line element (Batchelor, 1952), except

for the noise which is supposed to be Gaussian for the

line element case. This suggests using some of the results

and rescalings indicated in works related to line element

deformation (Batchelor, 1952; Girimaji and Pope, 1989).
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Fig. 3. Comparison of modeled scalar PDFs against DNS data. The modified law (Eq. (11)) is used. ðhxit;r=r0Þ ¼ ð0:22; 0:99Þ (a); (1.49, 0.73) (b);
(2.11, 0.55) (c); (3.47, 0.27) (d).
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Let us assume for simplicity that X is constant equal to

unity and that c has a symmetric PDF. It is also sup-

posed that, at t ¼ 0, the relation hcjxi ¼ hci is true so

that it remains valid for all times (see Sabel’nikov and

Gorokhovski, 2001, for this last condition). Then, one

obtains for the variable n ¼ ln jc0j the following evolu-

tion equation:

dn
dt

¼ �x; n ¼ ln jc0j ð13Þ

Now, Eq. (13) is similar to Taylor’s diffusion equa-

tion (Tennekes and Lumley, 1972), with x a non-

Gaussian stationary process. Thus, Eq. (13) will yield

stationary statistics for the reduced scalar (see Girimaji

and Pope, 1989 where mathematically similar problems

are analyzed):

c ¼ n� hni
rn

ð14Þ

where rn is the rms value of n.
The PDF of c is then solved numerically. The

numerical procedure used in this case requires great

care, as the PDFs of c exhibit long tails which carry

information about the initial solution and are slow to

converge. Moreover, interaction between these tails and

the domain boundaries can generate significant numer-

ical errors. Despite these difficulties, keeping in mind

their potential influence on the validity of the solution, a

stationary PDF of c was obtained as shown on Fig. 5(b).
This self-similar solution for the EIEM model is nega-

tively skewed, indicating a strong predominance of small

jcj values.

3.3.2. Formulation based on the modified law (Eq. (11))

The formulation of the EIEM and ELM models

based on the modified frequency law (Eq. (11)) naturally
leads to the existence of stationary solutions for the

PDF of the reduced scalar s: as the variance vanishes

(r=rM ! 0), x tends to a constant equal to its mean hxi
so that the EIEM and ELM models tend to their clas-

sical counterpart, the IEM and Langevin models,

respectively. As the IEM model gives an invariant

standardized PDF for s and the Langevin model admits

a Gaussian asymptotic PDF, stationary solutions are
eventually reached for the EIEM and ELM models.

Fig. 6(a) shows the asymptotic solutions obtained

numerically starting from a double peak initial solution.

A stationary solution was obtained for both models for

times on the order of hxcit ¼ 20. The EIEM model still

delivers a PDF with exponential like tails, but far less

flat than with the log-normal law. As for the ELM

model, a Gaussian PDF is indeed obtained. This last
feature shows that the ELM model has the ability to

qualitatively reproduce the results described in Jaberi

et al. (1996). The ELM actually produces transient non-

Gaussian PDFs and an asymptotic Gaussian solution

(see Fig. 4).

It should be noted that the asymptotic solution

reached by the EIEM model depends on the initial

solution. Fig. 6(b) shows the stationary PDFs obtained
for different initialisations. Stationary solutions were

also obtained for times on the order of hxcit ¼ 20. The

differences can be explained as follows: starting from an

initial double peak solution, the two peaks first have to

be amalgamated into a single peak and, from there,

exponential tails can start to appear. Meanwhile, r ! 0

so that the formation of the peak and exponential tails is

progressively slowed down. When starting from an ini-
tial Gaussian solution, the exponential tails are stretched

from the beginning of the mixing process and the peak is

enhanced. Consequently, when r ! 0, larger tails and a

larger peak are observed compared with the initial
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double peak case. The uniform distribution appears as

an intermediate case between the double peak and the

Gaussian initialisations. Despite those differences, the

observed PDFs still possess some common features such

as exponential tails and a strong central peak. As for the
ELM model, a Gaussian asymptotic solution is obtained

whatever the initial condition.
4. Conclusion

Two new scalar mixing models, the Extended IEM

and Extended Langevin models, have been examined.
Both models account for the influence of a fully turbu-

lent time-scale spectrum while keeping a simple formu-

lation. This last feature makes the models attractive for

industrial applications.

Both yield a qualitatively good agreement with DNS

calculations for intermediate decay times and in partic-

ular do not have the main shortcoming of the standard

IEM model of no evolution of the initial shape of the
PDF alongside the scalar fluctuation decay process.

A first formulation of the models based on a fre-

quency described by a log-normal law was used. Some

limits of this law have been pointed out and a new

formulation based on a modified log-normal law has

been proposed.

For all models, exponential-like tails at large inter-

mediate times are observed due to selective events of
weak scalar decay at low mixing frequency. This

behaviour is preserved in the long-time limit for the

EIEM and ELM models based on the log-normal law,

as well as for the EIEM based on the modified law. For

the ELM model based on the modified law, a Gaussian

PDF is obtained. Both types of behaviour are consistent
with recent discussions on the mixing of randomly ad-

vected scalars.
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